In this paper, we obtain the general solution and the generalized Hyers-Ulam stability for a cubic functional equation
Introduction
In 1940, Ulam [21] raised a question concerning the stability of group homomorphisms:
Let G 1 be a group and let G 2 be a metric group with the metric d(· , ·). Given > 0, does there exist a δ > 0 such that if a function h : G 1 → G 2 
satisfies the inequality d(h(xy), h(x)h(y)) < δ for all x, y ∈ G 1 , then there exists a homomorphism H : G 1 → G 2 with d(h(x), H (x)) < for all x ∈ G 1 ?
In other words, we are looking for situations when the homomorphisms are stable, i.e., if a mapping is almost a homomorphism, then there exists a true homomorphism near it. The case of approximately additive functions was solved by Hyers [8] under the assumption that G 1 and G 2 are Banach spaces. In 1978, a generalized version of the theorem of Hyers for approximately linear mappings was given by Rassias [18] . During the last decades, the stability problems of several functional equations have been extensively investigated by a number of authors [2, 6, 10, 12, 15, 16] . The terminology generalized Hyers-Ulam stability originates from these historical backgrounds. These terminologies are also applied to the case of other functional equations. For more detailed definitions of such terminologies, we can refer to [9, 11, 19] .
Quadratic functional equation was used to characterize inner product spaces [1, 5, 13] . Several other functional equations were also to characterize inner product spaces. A square norm on an inner product space satisfies the important parallelogram equality
The functional equation
is related to a symmetric biadditive function [1, 17] . It is natural that each equation is called a quadratic functional equation. In particular, every solution of the quadratic equation (1.1) is said to be a quadratic function. It is well known that a function f between real vector spaces is quadratic if and only if there exists a unique symmetric biadditive function B such that f (x) = B(x, x) for all x (see [1, 17] ). The biadditive function B is given by
A Hyers-Ulam stability problem for the quadratic functional equation (1.1) was proved by Skof for functions f : E 1 → E 2 , where E 1 is a normed space and E 2 a Banach space (see [20] ). Cholewa [3] noticed that the theorem of Skof is still true if the relevant domain E 1 is replaced by an Abelian group. In the paper [4] , Czerwik proved the Hyers-Ulam-Rassias stability of the quadratic functional equation (1.1). Grabiec [7] has generalized these results mentioned above. Jun and Lee [14] proved the Hyers-Ulam-Rassias stability of the pexiderized quadratic equation (1.1). Now, we introduce the following new functional equation, which is somewhat different from (1.1):
( 
The general solution
Let R + denote the set of all nonnegative real numbers and let both E 1 and E 2 be real vector spaces. We here present the general solution of (1.3). 
for all x ∈ E 1 , and B is symmetric for each fixed one variable and is additive for fixed two variables.
Letting y = 0 and y = x in (1.3), we obtain that f (2x) = 8f (x) and f (3x) = 27f (x) for all x ∈ E 1 , respectively. By induction, we lead to f (kx) = k 3 f (x) for all positive integer k. Replacing x and y by x + y and x − y in (1.3), respectively, we have
for all x, y ∈ E 1 . Putting x and y by x + y and 2y in (1.3), respectively, we obtain
Interchange x and y in (2.2) to get the relation
Adding (2.2) to (2.3) and using (2.1), we lead to
for all x, y ∈ E 1 . Using (1.3), we have
On the other hand, using (2.4) and (1.3), we get
which yields by virtue of (2.5) the relation
Also, by virtue of (2.4) and (1.3), the left-hand side of (2.5) can be written in the form
Replacing z by 3z in (2.7) and then using (2.6), we have
Again, applying (2.4) and then (1.3) to the left-hand side of (2.8), we get
Finally, we obtain from (2.8), (2.9) that
for all x, y ∈ E 1 . Hereafter, the last relation plays an important role in proving our statement.
Define B :
for all x, y, z ∈ E 1 . Then B is symmetric for each one fixed variable since f is odd function and
Finally, we claim that B is additive for each two fixed variables. Since B is symmetric, it suffices to show that
for all u, v, y, z ∈ E 1 . Now, using Eq. (2.10) and the definition of B, we obtain
Conversely, if there exists a function B : B(x, x, x) for all x ∈ E 1 , and B is symmetric for fixed one variable and B is additive for fixed two variables, it is obvious that f satisfies Eq. (1.3). ✷
Hyers-Ulam-Rassias stability
In this section, let X be a real vector space and let Y be a Banach space unless we give any specific reference. We will investigate the Hyers-Ulam-Rassias stability problem for the functional equation (1.3). Thus we find the condition that there exists a true cubic function near a approximately cubic function. 
for all x, y ∈ X. Then there exists a unique cubic function T : X → Y which satisfies Eq. (1.3) and the inequality
for all x ∈ X. The function T is given by
for all x ∈ X.
Proof. Putting y = 0 in (3.1) and dividing by 16, we have
for all x ∈ X. Replacing x by 2x in (3.4) and dividing by 8 and summing the resulting inequality with (3.4), we get
for all x ∈ X. Using the induction on n, we obtain that
for all x ∈ X. In order to prove convergence of the sequence {f (2 n x)/8 n }, we divide inequality (3.6) by 8 m and also replace x by 2 m x to find that for n, m > 0,
Since the right-hand side of the inequality tends to 0 as m tends to infinity, the sequence {f (2 n x)/8 n } is a Cauchy sequence. Therefore, we may define
for all x ∈ X. By letting n → ∞ in (3.6), we arrive at the formula (3.2). To show that T satisfies Eq. (1.3) , replace x, y by 2 n x, 2 n y, respectively, in (3.1) and divide by 8 n ; then it follows that
Taking the limit as n → ∞, we find that T satisfies (1.3) for all x, y ∈ X.
To prove the uniqueness of the cubic function T subject to (3.2), let us assume that there exists a cubic function S : X → Y which satisfies (1.3) and the inequality (3.2). Obviously, we have S(2 n x) = 8 n S(x) and T (2 n x) = 8 n T (x) for all x ∈ X and n ∈ N. Hence it follows from (3.2) that
for all x ∈ X. By letting n → ∞ in the preceding inequality, we immediately find the uniqueness of T . This completes the proof of the theorem. ✷ Remark 3.2. If we write y = x in the inequality of (3.1), we get
Combining (3.8) with (3.4), we have
We can easily show the following relation by induction on n together with (3.9):
for all x ∈ X. In Theorem 3.1, let φ : for all x, y ∈ X. Note that in the second case f (0) = 0 since φ(0, 0) = 0. Then, using the last inequality and the same argument of Theorem 3.1, we can find the unique cubic function T defined by T (x) = lim n→∞ 3 −3n f (3 n x) which satisfies (1.3) and the inequality
for all x ∈ X. Thus we obtain an alternative result of Theorem 3.1. In Theorem 3.1, we have a simpler possible upper bound (3.2) than that of (3.10). The advantage of the inequality (3.2) compared to (3.10) is that the right-hand side of (3.2) has no term for f (0) .
From the main Theorem 3.1, we obtain the following corollary concerning the stability of Eq. (1.3). 
for all x ∈ X and for all x ∈ X − {0} if p < 0. The function T is given by
The proof of the last assertion in the above corollary goes through in the same way as that of [4] . We note that p need not be equal to q. But we do not guarantee whether the cubic equation is stable in the sense of Hyers, Ulam and Rassias if p, q = 3 is assumed in the inequality (3.11) . That is, T is R-cubic. For each fixed α ∈ B (|α| = 1), replacing f by T and setting y = 0 in (1.3), we have T (αx) = α 3 T (x) for all x ∈ B B 1 . The last relation is also true for α = 0. For each element a ∈ B (a = 0), a = |a| · a/|a|. Since T is R-cubic and T (αx) = α 3 T (x) for each element α ∈ B (|α| = 1),
∀a ∈ B (a = 0), ∀x ∈ B B 1 .
So the unique R-cubic function T : B B 1 → B B 2 is also B-cubic, as desired. This completes the proof of the corollary. ✷ Since C is a Banach algebra, the Banach spaces E 1 and E 2 are considered as Banach modules over C. Thus we have the following corollary.
